We prove that every locally bounded above at a point subadditive function /: (0, oo) -> K such that f(rt) < rf(t), t > 0, for some r e (0,1) has to be linear. Using this we show among others that the homogeneity condition of a seminorm p in a real linear space X can be essentially relaxed to the following condition: there exists an r e (0, 1) such that p(rx) < rp(x) for all x 6 X . A new characterization of the I/-norm and one-line proofs of Minkowski's and Holder's inequalities are also given.
Introduction
Let K, E+ , and N denote, respectively, the set of reals, nonnegative reals, and positive integers.
In the first section of this paper we deal with some properties of subadditive and superadditive functions defined in (a, oc), a > 0. We say for short that a function /: (0, oo) -> R is locally bounded above at a point if there exist t0 > 0, 8 > 0, and MeR such that f(t) < M for all t e (t0 -8, t0 + 8).
The main result says that every locally bounded above at a point subadditive function f: (0, oo) -► E such that f(rt) < rf(t) for some re (0, 1) and all t > 0 has to be linear, i.e., f(t) = f(l)t, t > 0. Using this fact, in §2 we show that the homogeneity condition in the definition of a seminorm (or a norm) can be replaced by a considerably weaker one. In particular, we prove that // X is a real linear space and p: X -> E satisfies the following three conditions:
(1) p(x + y) < p(x) + p(y) for all x, y e X, ( 2) p(rx) < rp(x) for some r e (0, 1) and all x e X; and the function t -> p(tx), t > 0, is locally bounded above at a point;
(3) p(-x) = p(x) for all x e X, then p(/x) = |/|p(x) for all t eM and x e X, i.e., p is a seminorm. Actually conditions (1) and (2) can be replaced by the following more general one: for every x e X the function fx: (0, oo) -> R, defined by the formula fx(t) := p(/x), is subadditive in (0, oo), locally bounded above at a point, and there exists an rx e (0, 1) such that fx(rxt) < rxfx(t) for all t > 0.
For a measure space (Q, I, p) denote by S = S(Q, X, p) the linear space of all the /i-integrable step functions x: Q, -> R and by S+ the set of nonnegative x 6 S. For a bijection cp: R+ -> R+ such that p(0) = 0 denote by Pp: S -> R+ the functional defined by the formula Pp(x) := (P~l ( / tp o |x| dp I , x e S.
In §3, applying the above result, we give the following characterization of the IZ-norm, p > 1. If (Q,, X, p) is a measure space with at least two disjoint sets of finite and positive measure and
(1) f<p(x + y)<Fip(x) + Fip(y) for all x,yeS+; (2) Pp(rx) < tf^x) ,for all t e (0, 1), x e S+ ; then cp(t) -<p(l)tp, t > 0, for some p > 1.
The case when inequalities (1) and (2) are reversed is considered and some complementary results are also presented.
The results of §2 show that the two basic axioms of seminorms are to some extent dependent. Assuming that a functional p is subadditive we prove that the second axiom, the homogeneity of p, is then a consequence of a considerably weaker one. In this connection the following natural problem arises. Suppose that p is (positively) homogeneous. What then can one say about its subadditivity? Answering this question, in §4, we find a strikingly simple joint generalization of Minkowski's and Holder's inequalities, which provides us with "one-line"-easy to remember proofs of them.
In the last section we apply our basic result to generalize a Berz theorem on sublinear functions.
Some properties of subadditive and superadditive functions
A function /:(a,oo)-+R, a > 0, is said to be subadditive if (1) f(s + t)<f(s) + f{t), s,t>a.
If the reversed inequality holds then / is said to be superadditive. Since f is superadditive iff-/ is subadditive, we deal mainly with subadditive functions. Lemma 1. Suppose that /:(a,t»)-»R, a > 0, is subadditive. If f is locally bounded above at a point then there exists b > a such that f is locally bounded in (b, oo).
Proof. Suppose that / is bounded above in a neighbourhood of a point to > a , i.e., that f(t) <M, t e (t0 -e, to + e) C (a, oc), for some Mel and £ > 0. From (1) we have f(s +1) < f(s) + M for t e (s +10 -e, s + to + e), i.e., / is bounded above by f(s) + M in the interval Is := (s + to -s, s + to + e) . Since with b := a + to -e , it follows that / is locally bounded above in (b, oc). Now let to denote an arbitrary point of the interval (b, oc) and let e > 0 be such that t0 -e > b . According to the preceding part of the proof, there is an M such that f(t) < M for t e (t0-e, tQ +e). Since t e (t0 -e, t0 + e) if and only if 2to -t e (to -£, t0 + e), we have from (1) 
Proof. Put a := inft>a f(t)/t. For a -0 we obtain Corollary 1. If f: (0, oo) -► R is subadditive and locally bounded above at a point, and there exists an r e (0, 1) such that f(rt) < rf(t), t > 0, then
Remark 2. The assumption of local boundedness above at a point in Lemmas 1 and 2 and Theorem 1 is essential and cannot be replaced even by global boundedness below. To see this take a discontinuous additive function g: R -> R and put / := \g\ \.Q ,. Clearly / is subadditive and bounded below by 0 in (0, oo). It is well known that g and, consequently, / are not locally bounded at any point. On the other hand one can easily observe that the conclusions of Lemmas 1 and 2 and Theorem 1 for this function / are false. Proof. Take 0 < tx < t2. To prove (a) observe that inequality (3) mKm t2 tx is equivalent to the inequality r™dt<ri-dt.
k At) -Jt, t
To prove (b) take ux, u2 e R such that t\ -e"< and t2 = e"2 and note that (3) is equivalent to the inequality
Let us finally note the following comparison test of superadditivity. Suppose that f: (0, oo) -► R+ and g: (0, oo) -► (0, oo). If g is subadditive and f/g is nonincreasing, then f is subadditive.
Proof. For s, t > 0 we have
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2. An application to a relaxation of the seminorm homogeneity condition Let (X, R, +, •) be a linear space. A set C c X is said to be a cone in X if C + C c C and t C c C for every t > 0. We have Proposition 1. Let (X, R, +, •) be a linear space, C c X a cone, and p: C -> R. Suppose that for every x e C the function fx: (0, oo) -> R, defined by the formula fx(t) := p(tx), t>0, satisfies the following conditions:
(1) fx is subadditive in (0,oo); (2) fx is locally bounded above at a point and there exists an rx e (0, 1)
such that fx(rxt) < rxfx(t) for every t>0.
Then the functional p is positively homogeneous, i.e., p(tx) = tp(x) for every x e X and t > 0.
Proof. For every fixed x e X the function f := fx satisfies all the conditions of Corollary 1. Consequently we have fx(t) = fx(l)t, t > 0, i.e., p(/x) = /p(x) for all t > 0.
The next result says in particular that two basic axioms of the seminorm, the triangle inequality and the homogeneity condition, are to some extent dependent. Namely, we have the following Theorem 2. Let (X, R, +, •) be a linear space and suppose that a functional p: X -► R satisfies the following conditions:
(1) p(x+y)<p(x) + p(y) forall x,yeX; (2) for every x e X the function t -> p(tx), t > 0, is locally bounded above at a point and there exists an r -rx e (0, 1) such that p(rtx) < rp (tx) for all t>0; i.e., fx is subadditive. Since (2) coincides with Proposition 1(2), it follows that p(tx) = tp(x), t>0.
Hence, making use of (3) , we have for / < 0 p(tx) = p((-t)(-x)) = -tp(-x) = \t\p(x).
Setting x = 0 in the inequality of assumption (2), we get p(0) < rp(0). Since r < 1 , it follows that p(0) < 0. On the other hand, from (1) we have p(0) = P(0 + 0) < p(0) + p(0) = 2p(0), i.e., p(0) > 0. Consequently p(0) = 0. Thus we have proved that p(/x) = \t\p(x) for all x e X and t eR. Now (1), (3), and p(0) = 0 imply that p(x) > 0, x e X, which completes the proof.
From Theorem 2 we obtain the following obvious (1) p(x + y)<p(x) + p(y) forall x, ye X; (2) p(tx) < tp(x) for all te (0,1) and xe X; (3) p(-x) = p(x) for all x e X, then p is a seminorm in X. Remark 5. Both assumptions (2) and (3) of Corollary 3 can be replaced by 9(tx) < \t\p(x) for all xe Xandte[-1, 1], t^O.
In fact, for t = -1 we hence get p(-x) < p(x), which evidently implies that p(-x) = p(x). We generalize this remark as follows. (1) p(x+y)<p(x)+p(y) forall x, ye X; (2) there exists an r > 0 such that p(tx) < \t\p(x) for all x e X and \t\ <r,r^0. Then p is a seminorm in X. Proof. It is easily seen that conditions (1) and (2) of Theorem 2 are fulfilled. To prove that condition (3) of Theorem 2 holds true take n e N such that 1/n < r. From our condition (2) we have pK)4pW' p©^p«' xexReplacing x by nx we get np(-x) < p(nx), np(x)<p(nx), xeX. Hence, making use of (1), we obtain n(p(-x) + p(x)) < 2p(nx) < 2np(x), x e X, which implies that p(-x) < p(x) and, consequently, p(-x) = p(x) for all x e X. Thus the theorem follows from Theorem 2.
In the sequel we consider nonnegative and superadditive functions. Applying (1) fx is superadditive; (2) there exists an r -rx e (0, 1) such that fx(rt) > rfx(t) for all t > 0, then p(tx) = tp(x) for all x e C and t > 0.
Since -p is subadditive and globally bounded above by 0 in C, Proposition 2 is also a consequence of Proposition 1.
Remark 6. One can easily check that if X is a real linear space and p: X -> R is superadditive and nonnegative then p(x) = 0 for all x e X . To avoid such a triviality we assume in Proposition 2 as well as in the next result that p is defined in a cone.
As an obvious consequence of Proposition 2 we get (1) p(x + y)> p(x) + p(y) for all x,yeC; (2) there exists an r e (0, 1) such that p(rx) > rp(x) for all x eC, then p(tx) -tp(x) for all x eC and t > 0.
Remark 7. Let X be a linear space and C c X a cone. Following Rosenbaum [11] we say that a function p: C -► R is quasi-homogeneous if p(tx) < tp(x) for all t > 1 and x e C. Theorem 4 implies that every superadditive and quasi-homogeneous function p: C -► R must be positively homogeneous.
AN APPLICATION TO A CHARACTERIZATION OF THE I/-NORM
For an arbitrary measure space (£1,1., p.) denote by S = S(Q, X, p) the linear space of all the /z-integrable step functions x: £1 -> R and by S+ = S+(Q, X, p) the set of all the nonnegative x e S. Evidently S+ is a cone in S. For a bijection cp: R+ -> R+ such that cp(0) = 0 the functional Pp: S -> R+ , given by the formula Proof. Put X := S and p := P^,. Since for every x e S we have |x| e S+ and Pp(x) = Pp(|x|), it follows that the functional p = P^, satisfies all the assumptions of Theorem 3. Consequently P,, is a norm in S. Now the second statement results from the above quoted Theorem A.
From Theorem 2 we immediately obtain Theorem 6. Let (£1,1., p) be a measure space and cp: R+ -> R+ a homeomorphism of R+. If (1) Fv(x + y) <Pp(x) + P?(^) forall x,.y eS+; (2) there exists an r e (0, 1) such that Pp(rx) < rF9(x) for all x e S+ , then F9 is a norm in S. Moreover, if there are two disjoint sets of finite and positive measure in X then cp(t) = cp(l)tp , t > 0, for some p > 1.
The second part of this theorem can be generalized as follows.
Theorem 7. Let (£1,1, p) be a measure space with two disjoint sets of finite and positive measure and suppose that tp: R+ -> R+ is bijective, cp(0) = 0, and cp~x is continuous at 0. If
(1) Fv(x + y) <Fy(x) + Fv(y), for all x,yeS+; (2) there exists an r e (0, 1) such that P^(rx) < rF(/>(x) for all x e S+ , then cp(t) = cp(l)tp, t >0,for some p > 1.
Proof. According to the assumptions there are Ax, A2 e X such that AxnA2 = 0 and <z, := p(At) e (0, oo), i = 1,2.
Denote by Xa the characteristic function of a set A . Putting in (1) the functions x:=sxa,, y-=tXA2, s,t>0, and making use of the definition of the functional P^,, we obtain (p~x(aX(p(s) + a2cp(t)) < <p~x(axcp(s)) + <p'x(a2<p(t)).
Replacing s by cp~x(s)/ax and t by tp~x(t)la2, we get <p-{(s + t)<<p-x(s) + <p-x(t), s,t>0.
Thus cp~x is subadditive and, according to the assumptions, bijective and continuous at 0. In view of the theorem of Swiatkowski and the author [7] , tp~x is a homeomorphism of R+ . Now Theorem 6 concludes the proof.
Applying Theorem 4 and adopting the argument used in the proof of the above quoted Theorem A, we can prove the following Fy(x + y) < Pp(x) + F(p(y) for linearly dependent x, y e S+ .
The proofs of the so-modified theorems require the use of Proposition 1. Analogously, using Proposition 2, one can strengthen Theorem 8.
Remark 9. In a recent paper [8] the author proved the following converse of Minkowski's inequality. Let (£1,1, p) be a measure space with two sets A, B e X such that (4) 0<p ( It is easy to verify that we have Fv(tx) > tF(p(x) for all x e S+ and t e(0, 1).
Theorem B has been proved in [8] . Theorem C is a generalization of Mulholland's inequality (cf. [10] , also [ 
SUBADDITIVITY OF POSITIVELY HOMOGENEOUS FUNCTIONS AND SHORT PROOFS OF MINKOWSKI'S AND HOLDER'S INEQUALITIES
We start this section with the following characterization of homogeneous two place functions that are subadditive.
Theorem 9. Suppose that a two place function p: (0, oo)2 -> R is positively homogeneous, i.e., that p(txx, tx2) = tp(xx ,x2), t, Xi , x2 > 0, and let h: (0, oo) ->R be given by h(t) := p(t, 1) (or h(t) :=p(l, t)), t>0.
Then p is subadditive if and only if h is convex.
Proof. By the homogeneity of p we have
Writing the subadditivity of p we get the inequality (5) /z(l^)(X2+>;2)-KS)X2+/2(S)>;2' x»x»y»y»°> which is obviously equivalent to the convexity of h . This completes the proof.
As an application to Theorem 9 we obtain Short proof of Minkowski's inequality. Minkowski's inequality says that the function p(xj, x2) := (xf + x%)x/p, xi,x2>0, is subadditive for p > 1 . Thus, in view of Theorem 9, to prove Minkowski's inequality, it is enough to verify that the function h(t):=p(t,l) = (tp + l)x'p, t>0, is convex for p > 1.
Short proof of Holder's inequality. Let p > 1. Holder's inequality can be obviously written in the form x\lPx\-llP + y\lpy2l-llp < (xx +yi)l'p(x2 + y2)l-l'p , x,, x2, yx, y2 > 0, which means that the function p(xi, x2) := xl/px2l~[/p, xx, x2 > 0, is superadditive. Thus, according to Theorem 9, to prove Holder's inequality it is sufficient to observe that the function h(t):=p(t,l) = tx'p, />0, is concave.
Remark 11. The above considerations show that (5) is a joint generalization of Minkowski's and Holder's inequalities. One can also get k-dimensional and an integral version of inequality (5) . This inequality has been obtained in [6] in a quite different way.
AN APPLICATION TO SUBLINEAR FUNCTIONS
A function g: R -> R is said to be sublinear if it is subadditive and g(nt) = ng(t) for all n e N and (eR. Berz [1] (cf. also Kuczma [4, p. 415] ) proved that every sublinear measurable function g: R -> R has the form (at, t>0, where a> b. This result can be generalized as follows.
Theorem 10. If g: R -» R is subadditive, measurable, and there exists an r > 1 such that g(rt) > rg(t) for all t eR, then g has form (6). Proof. Since every subadditive and measurable function g: R -► R is locally bounded (cf. Kuczma [4, p. 406] ), it follows from Corollary 1 that /(/) = g(l)t for t > 0 and g(t) = g(-l)t for t < 0. Setting a := g(l), b := g(-l), we get (6).
Remark 12. The above result remains valid on replacing measurability of g by the following condition: g is locally bounded above at a point in (0, oo) and in (-oo, 0).
